Abstract. Let (M, g M , F ) be a closed, connected Riemannian manifold with a Riemannian foliation F of nonzero constant transversal scalar curvature. When M admits a transversal nonisometric conformal field, we find some generalized conditions that F is transversally isometric to the sphere.
Introduction
A Riemannian foliation is a foliation F on a smooth manifold M such that the normal bundle Q = T M/T F may be endowed with a metric g Q whose Lie derivative is zero along leaf directions [16] . Note that we can choose a Riemannian metric g M on M such that g M | T F ⊥ = g Q ; such a metric is called bundle-like. A Riemannian foliation F is transversally isometric to (W, G), where G is a discrete group acting by isometries on a Riemannian manifold (W, g W ), if there exists a homeomorphism η : W/G → M/F that is locally covered by isometries [11] . Recently, S. D. Jung and K. Richardson [7] proved the generalized Obata theorem which states that: F is transversally isometric to a sphere (S q (1/c), G), where G is the discrete subgroup of O(q) acting by isometries on the last q coordinates of the sphere S q (1/c) of radius 1/c if and only if there exists a non-constant basic function f such that
for all foliated normal vectors X, where c is a positive real number and ∇ is the transverse Levi-Civita connection on the normal bundle Q. A transversal conformal field is a normal vector field with a flow preserving the conformal class of the transverse metric. That is, the infinitesimal automorphism Y is transversal conformal if L Y g Q = 2f Y g Q for a basic function f Y depending on Y ( [5] , [14] , [15] ), where L Y is the Lie derivative. In this case, it is trivial that
where div ∇ is a transversal divergence and π : T M → Q is the natural projection. If the transversal conformal field Y satisfies div ∇ (π(Y )) = 0, i.e, L Y g Q = 0, then Y is said to be transversal Killing field, that is, its flow is a transversal infinitesimal isometry.
In this article, we study the Riemannian foliation admitting a transversal nonisometric conformal field. First, we recall the well-known theorems about the Riemannian foliations admitting a transversal nonisometric conformal field ( [4] , [5] , [6] , [7] ).
Let R Q , Ric Q and σ Q be the transversal curvature tensor, transversal Ricci operator and transversal scalar curvature with respect to the transversal Levi-Civita connection ∇ on Q [16] . Let κ B be the basic part of the mean curvature form κ of the foliation F and κ ♯ B its dual vector field (precisely, see Section 2). Then we have the following well-known theorems.
Theorem A. [7] Let (M, g M , F ) be a closed, connected Riemannian manifold with a Riemannian foliation F of a nonzero constant transversal scalar curvature σ Q . If M admits a transversal nonisometric conformal field Y satisfying one of the following conditions:
(
Equality holds if and only if F is transversally isometric to the sphere (S q (1/c), G).
Remark 1.1. Theorem B has been proved in [21] for the point foliation.
Theorem C. 
Remark 1.2. Theorem C has been proved in [2] for the point foliation.
Now, we recall two tensor fields E Q and Z Q ( [4] , [6] ) by
, then the foliation is transversally Einsteinian (resp. transversally constant sectional curvature). The tensor Z Q is called as the transversal concircular curvature tensor, which is a generalization of the concircular curvature tensor on a Riemannian manifold. In an ordinary manifold, the concircular curvature tensor is invariant under a concircular transformation which is a conformal transformation preserving geodesic circles [18] . Then we have the well-known theorem.
then F is transversally isometric to the sphere (S q (1/c), G).
then F is transversally isometric to the sphere (S q (1/c), G). [20] for the point foliation, that is, an ordinary manifold.
Remark 1.4. Theorem D and Theorem E have been proved in
In this paper, we prove the following theorems. 
Remark 1.6. Theorem 2 is a generalization of Theorem A (2) and (3) when F is minimal (cf. Remark. 4.3).
where K is a transversal Killing field and h is a basic function, then F is transversally isometric to the sphere (S q (1/c), G).
Remark 1.7. Theorem 3 is a generalization of Theorem A (1).
preliminaries
Let (M, g M , F ) be a (p + q)-dimensional Riemannian manifold with a foliation F of codimension q and a bundle-like metric g M with respect to F [16] . Let T M be the tangent bundle of M, T F its integrable subbundle given by F , and Q = T M/T F the corresponding normal bundle. Then there exists an exact sequence of vector bundles
where {f i }(i = 1, · · · , p) is a local orthonormal frame field on T F . The foliation F is said to be minimal if the mean curvature vector field τ vanishes. Let {e a }(a = 1, · · · , q) be a local orthonormal frame field on Q. For any s ∈ ΓQ, the transversal divergence div ∇ (s) is given by
For the later use, we recall the transversal divergence theorem [23] on a foliated Riemannian manifold.
) be a closed, connected Riemannian manifold with a foliation F and a bundle-like metric g M with respect to F . Then
for all s ∈ ΓQ.
A differential form ω ∈ Ω r (M) is basic if i(X)ω = 0 and i(X)dω = 0 for all X ∈ T F , where i(X) is the interior product. Let Ω r B (F ) be the set of all basic r-forms on M. Then Ω
. Let κ be the mean curvature form of F , which is given by
for any s ∈ Q. Then the basic part κ B of the mean curvature form is closed, i.e., dκ B = 0 [1] . Let d B be the restriction of d on Ω B (F ) and δ B its formal adjoint operator of d B with respect to the global inner product ≪ ·, · ≫, which is given by
for any basic r-forms φ and ψ, where * is the star operator on Ω * B (F ) and χ F is the characteristic form of F [16] . The operator δ B is given by
Note that the induced connection ∇ on Ω * B (F ) from the connection ∇ on Q and Riemannian connection ∇ M on M extends the partial Bott connection, which satisfies ∇ X ω = L X ω for any X ∈ T F [10] . Then the operator δ T is given by
The basic Laplacian ∆ B acting on Ω * B (F ) is defined by
Then for any basic function f , we have
Remark 2.2. Note that for any basic form ω, the relation between δ B and the ordinary operator δ is given by
7)
where γ(ω) = ± * ω ∧ ϕ 0 and ϕ 0 = dχ F + κ ∧ χ F with ϕ 0 ∧ χ F = 0 [16] . If ω ∈ Ω r B (r = 0, 1), then we easily have γ(ω) = 0, which implies that
8)
where ∆ M = dδ + δd is the ordinary Laplacian.
For later use, we recall the generalized maximum principle for foliation ( [7] ). for any s ∈ ΓQ. Also, we have the following ( [5] , [6] ).
Now, we recall the Lie derivatives of tensors along the transversal conformal field.
where
From (2.4) and (3.9), we have
From (3.9) and (3.10), we have
Therefore, the proof follows from (3.6).
Proof. Let {e a } be a local orthonormal basis on Q such that (∇e a ) x = 0 at a point x. Let
Now, we calculate the last term in the above equation. That is,
Hence we have
From (3.12) and (3.13), the proof of (3.11) follows . [6] . So (3.14) follows from (3.8) . For the proof of (3.15), from (3.7) and (3.8),
Hence from (3.11) and (3.14), the equation (3.15) is proved.
From (3.2) and Theorem E, we have the following.
Proposition 3.5. Let (M, g M , F ) be a closed, connected Riemannian manifold with a minimal foliation F of codimension q ≥ 2 and a bundle-like metric g M . Assume that the transversal scalar curvature is nonzero constant and either |Ric Q | or |R Q | is constant. If M admits a transversal nonisometric conformal field, then F is transversally isometric to the sphere S q (1/c), G).
Remark 3.6. For the ordinary manifold, Proposition 3.5 has been proved in [12] and [3] , respectively.
The proofs of Theorems
First, we recall the integral formulas for the tensor E Q and Z
Last equality in above follows from the transversal divergence theorem (Theorem 2.1). Therefore, the proof is completed.
From (4.4), we have
From (3.1), div ∇ E Q = 0 and so the last equality in the above follows. Hence from (3.6) and (4.5), we have
The last equality follows from tr Q E Q = 0. Hence Theorem A (3) implies that g Q (L Y E Q , E Q ) = 0. 
On the other hand, (∇∇h)(X, Z) = g Q (∇ X ∇h, Z) is symmetric. Therefore, from (4.7)
(∇∇h)(X, Z) = f Y g Q (X, Z). From (4.8) and (4.11), we have
By the generalized Obata theorem [7] , F is transversally isometric to the sphere (S q (1/c), G), where c 2 = σ Q q(q−1)
. Remark 4.4. Theorem 3 is a generalization of Theorem A (1).
